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Action—Angle Variables n
Quantum Statistical Mechanics

A. C. Biswas!
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Utilizing the facts (i) that the number of particles in the many-boson system
is conserved and (ii) that the Hamiltonian is Hermitian, a new set of variables
comprising ‘‘action” and ‘“‘angle” variables has been introduced. These
variables are conjugate in the “mean” and provide a rigorous approach
to introducing phase variables for ‘“total-number-conserving many-boson
systemss.”
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1. INTRODUCTION

Referring to the second-quantization formalism of quantum mechanics, let
a g and ax* be the operators which respectively annihilate or create a boson of
momentum K. One defines a coherent state'”) | ax) satisfying

ag|agy = ag|ag) ®

where ax can be any complex number. It is well known*—® that these states
| x> do not form an orthogonal set, but they are complete, and, in fact, they
are overcomplete. A beautiful review of these states is given by Glauber.®

These states have been extensively used in optics by Glauber and in
describing the irreversible processes in anharmonic crystals by Carruthers and
Dy.® It was naturally felt that they could be used for interacting Boson
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systems, t00.® However, all such attempts®® suffer from the fault that they
formally confine themselves to a mathematical description of the density
matrix in terms of coherent states, forgetting the physical fact that the many-
boson system is basically different from the system of phonons, due to the
finite mass of the particles, and that this restriction, expressed in terms of the
conservation of the number of particles, should be explicity incorporated in
the description of the physical system. In what follows, we shall see how this
can be done. We shall further see that it is this restriction that allows one to
define phase variable ¢ & which is conjugate in the mean to the variable Nk,
the number of bosons in the momentum state K.

2. DENSITY MATRIX

Let a system of bosons be described by a Hamiltonian (in the second-
quantized formalism)

H e H() + V7 Whel‘e HO — Z wKaK+aK 3 V = V({aK+7 aK}) (2)

K

ax and agt being the annthilation and the creation operators, respectively,
for a boson in the momentum state K. Here, V({ax™, ax}) is the interaction
potential, which can be written in a convergent series of the form

Viax*. ax) = Y Viegmplax) " ax)™ 3

{ng.mg}
Let us introduce the coherent states by

ag | oagy = ag | ag)

4
Caglagt = ag*og |
where ok 1s a2 complex number. We also write (as usual)
g = (/)2 ®

Let p be the density matrix of the system satisfying the von Newmann

equation
ifi dp/ot = [H, p] (6)

It can be easily shown by using the properties of complex variables that,
given any observable

Alax" ax) = ) Awgmlax?) ™ ax)™ M

{ng-mg}
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(a convergent series), the mean value of 4 can be written as %45

(A> = Tr Ap
= [[own (-~ 31 ) | ttoe, 20
< e (; | ax )} plfeu®, o) [T dPoce ®)
where :
plfoe™ ax)) = Clog | p | (o)
with

H{ox)) = I,] [y ©)

This shows that it is enough to know the function p({ag*, ax}), which gives
the complete statistical description of the system. This is possible because the
functions p({B ¢*, ak}) formed out of the nondiagonal elements of the density
matrix in terms of the coherent states can be obtained as boundary values by
analytic continuation of the diagonal elements (xx and ag* are treated as
independent).® As noted by many,®*® p({ag*, ag}) satisfies the equations
fdue to (6)]

it (e, o)/t = [H({o™, &feo™)) — (g 8l6eel)] o™, o)
(10)
Mo, and) = p oxp (z | [2)

where H+ is the Hermitian conjugate of H.

3. NUMBER CONSERVATION AND ACTION-ANGLE
VARIABLES

Let | ng)> be the state vectors in the Fock space, i.e., the space spanned
by the eigenvectors of the operator axtax,

agtax | ngy = ngl|ng, ag | ng) = \/;1; fng — 1> (11
agt | gy = \/Ecl ng -+ 1> (12)

The coherent state | ax> can be expanded in terms of the complete orthonor-
mal set {| ng>}. The expansion is

| x> = [exp(— 4 | ax [ X [k mx)"*] x> (13)

(e
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The density function p{{ax®, ag})) = {ag}| p | {ag}) can therefore be written
as

plot o)) = 3 (exp—‘;mw)

{ngymg} K

X T (o™ Sk (ng! mxDV2] mki | p | {nd> (14)

Let us introduce the variables
nK~{—mK=2NK g — Mg = Vg (15)
and define

A(V}K({NK}) = {Nx — $vi} | A [ {Ng + g} (16)

where A is any operator.
From (1) and (5), we have

e e = X pod) oxp ( 5 vm) an
v} K
where
Yvk=0 (18)

due to number conservation and

poi) = Y {exp (— ;Jx/h)]

{Ng}

X [T{TMY[(Ng + i) (Ng — 312 poo{Nk))  (19)

e ({Ng}) satisfies the equation®
it Opg,  ({Nx})ot

= {Z,} [Hog Nk + i} pop Ve — v + dved)
— Hy, o f({Nx — 3v&}) po{Nk + $vx — ved)D]
= Z {lexp(3vk 8/0NK)] Hyppoy f{NgHlexp(— §vk 8/0N)]
{x '}
— [exp(— dvkr 86N )] Hyppmo "{N kD [exp(3vk 8/ONK)]} pioy{Nk})
(20)

Equation (18) is the crucial one in our discussion, incorporating the fact
that the bosons we are dealing with are finite-mass particles. Since the set
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{exp i X g vxdx} is complete and orthonormal, (17) defines the unique
Fourier series of p({Jx , ¢ x}). The variables Jx and ¢ such that the Fourier
series (17) of p({/x , P x}) is restricted to the relation (18) will be defined as the
“action” and the “angle” variables of the quantum statistical system. These
variables are therefore distinct from those of Carruthers et al.® and others®:®
who make use of the “amplitudes” and ‘““phases” of o’s without any physical

restrictions.

4. CONJUGATE PROPERTY OF J., N, AND ¢,
Now, from (17) and (19), we have

o = [ oot T] @)

= KNg) + 1
where
{Ng) = Z NKPO({NK})
{Ng}
[ oD [Tl = 3 poliNih) = 1
0 E {Ng}

Let us define
AT g, bx}) = {ox} | 4 | {oax}>
expressed in terms of {J¢, dx} by (5),

A({Ng, ¢x}) = Z A{VK)({N k) exp i Z vkbx

i} K

where A is any operator.
Let us further define

o = [ [ Tapttdie, $x) T] @iasom)

V> =L | Nepl{Ni, $i) [] @xi2)
= Z N KPO({N x))

{Nkg}
o> = [ o 4x0) [] @iehy(@sef2m)
= 3 |7 bapt 46D T] @bel2)

822/5/3-3

@n

(22a)

(22b)

(23)

24

(25)



178 A. C. Biswas

Observation 1. In definition (24), one must note carefully that a
single ¢ x picks out a single v in the integrals and all the other v (K’ # K)
must vanish. Now, due to number conservation, Y xvx = 0; hence this
single v, must tend to zero. It is in this sense that all the “means” will be
defined so that after the integration is over, one must take the limit of v — 0
to impose the physical restriction of number conservation. This fact must be
accepted as a convention.

Proposition 1. ¢ and Ny are conjugate in the “mean” and satisfy
the equations

dNgyldi = (Ng) = (1/hX8H({Nk , $x)/odx> (262)
d o/t = (x> = — (I/AKGH({ N, $x})/eNx> (26b)
Proof. Using (24) and (17),
KNgyldt = (1/R) <Jicy/dt

= i [ [ Idepe, edyen
X n (dJ /i) (dr/2m)
= Y Nelopm({Nx})/or] @7

[using Eq. (20) and observation 1]

= (1ifi) 3 ¥, Ne[{Nk + v} | H | {NePpo((Nk + bvi))

vy Ng
— Nk | H [{Nk — v&}) ppg({Nk — 3v&})

= (1it) 3, Y, ANk — Jv){Nk' + dve} | H | {Nx' — i)

vg Ng

— (N&' + 3vo)X{NK' + vk} | H H{NK — &b} ppd{Nk'))

|

— i) 3. Y vr{NK' + v} | HI{NK — x> PucANK}

vg Ng

= (/1) Y Y. veH_, ANx}) poy({c'D)

vg Nk

= (1/h)<3H+({NK s <ISK})/3</>K>
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(the Hermitian conjugate refers to the Fock space). Since H is Hermitian,

(N — b (P S

o= [ ] e PR (G (5

Ppum{Nk}) Ng!
ot [(Nx — dv)! (Ng + dv) T2

{vx} {Ng}

1
|:778,,K’0 + _l;] (28)
Noting that >’ x vx = 0 and

> lopwNe)forl =0 (. Trp=1)

Nk}

Kofdt = lim 3, 5, 3. (ivi)(1/ih)
K™ gy v (N
X [ Hym ¥ AN + &) — Hippae s {NK — 3] po 1N}
= —(/h) {Z} {Z,} [OH . \({&})/ONk] poy({NK'})
Ngt {vx

= — (YR} eH*({Nx , $x})/0Nx>
(the Hermitian conjugate refers to the Fock space). Since H is Hermitian,
K iyfdt = — (1/A)OH({Nx , $x})/ONk> 29
Proposition 2. From (22a), (23), (25), (28), and (29), it also follows
that

e = CH{Jx, dxDiodr>

. (30)
{pry = — 0 {Jx, x>

Instead of giving a formal proof of the relations (30), we shall verify them for
the many-boson Hamiltonian (in familiar notation)

H =Y wgagrax+ (1/22) Y, 12| V| 34) axaf,axak, (31
K

1234
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Then #({J, ¢}) becomes [according to (22a)]

H({Jx, $c) = 3 wx(xlh) + (1/29287) ) 12| V| 34)

1234
% ( Jl J2 J3 J4)1 /2 e—i(¢1+052—d)3—d>4)

— 2 HVIVZ(J]_ , J2) ei(ulé1+v2¢2+"'>

where
Hy({J) =Y ox(Ux/M) [ 3, 0
K q
+ (1729287 Y, 12| V[ 34)(J1Jo 3 )H?
1234
X 8,,1,18,,2,18,,3,_18,,4’_1 1—_[ 81!4,0
q+#1,2,3,4
Let
g = [N — ! (Nx -+ dv)!I*2
so that

Gin = [N+ DN — DI
From (16) and (31),

H{,,}({NK}) = Z wgNg H 5]/2.0

4+ (1/2Q) ), 12| V| 343Ny + HYAN, + D2

1234

X (Ny 4+ HYHN, + P2 81;3,—181,4,—13»1,1&'2,1 H 5&,,,0

q+#1,2,3,4

and

OH({Jk , dx}/0bxy
= Y ive ¥, [pun@@)/T1 €,on,

{rx} {Ng}

< [ exp — X Gl TT 72 Hog ) 0,

(32)

(33)
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=13 vk ), puagNx}) 1 LWe+ 1D H B0

{vg} Nk}

+1 Y 121 V]300, + PYAN, + B

1234

2%1,2,3,4

X (Na +' %)1/2(N4 + %)1/2 81,1,_182,,,_18,,3.18,,4’1 H SV ,0%

=i yx ), PNk}

Heog (Vi) + z oc[]5,, }

{#x} {Ng}
=Y v ¥ poi{cd) Hog(Ne))
{rx} {Ng}
= h dNg)ldt = d{J>/dt (34

Again,

@A (x, beb)feT>
= [} ©H(x, $jers ot $e) ] (ef2m)
=Y X rP{VK}»({J\G&)/EI %K,NK]

vk} (Nt
X [ dIAPHC I xp — X Ul

=2 X |k ]]8,.6%,.x,

g} {Ng L

+ (120 Y, k2| V| 34N, + (N5 -+ $°

234

X (N4 + %_)1/2(NK + %)vl/zavg,*183)2,-18:13,18»;,1

X € gvz»f"zqg”awsgvsn"’a H Bvq g"q

§#k,2,3.4

+ (1/28%) Y, 341 V| k2X(Ny + $)'3(Ny + $)+2

234

X Ny + PVANg + Y 251(,18113,18%,——15»’4,-1%%,1\7 %

KO va Ny

g Ng

X %vg.Ns%pu,:\ﬁ H qu.ﬁqu,}\?q

a7k,2.3.4

= > ¥ poo{Ng}) 2H_,({Ng})/oNx

{vx} {Ng}

= (/AKOH({Nx , dx/oNg> = — dro/dt (33)
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Discussion. The necessity of using phase variables in quantum statistics
has been very much felt during recent years. In fact, phenomena like the
tunneling effect in superconductors or similar effects in superfluid helium
strongly suggest that these systems could be well-described in terms of
“number’” and “phase” as microscopic variables conjugate to one another.
As has been observed by many,® a “phase” operator conjugate to the
“number” operator does not exist. This problem has been approached
mainly along the following lines.

1. One assumes without worrying about rigor that there exists a phase
operator @ conjugate to the “number” operator N, argument being that the
error made is small for large systems. This is the point of view adopted by
Anderson.®

2. Instead of taking phase as the operator conjugate to N, one 19 uses
a periodic function of the phase operator P.

3. One® uses coherent states which automatically introduce phases. But
the states, being overcomplete, one uses a quasiprobability function.

The problem with the first approach has been discussed by Carruthers
and Nieto.® Since one does not know exactly what error one is making in
this assumption, one cannot use it in a rigorous formulation. Besides, no
many-body Hamiltonian can be expressed in terms of only the number
operator and (say) ““phase” operators. So, practically, one cannot make use
of them.

The second approach does not give a unique description. One does not
know why one should use one or the other of the periodic functions of the
“phase.” Besides, the ““phase’ itself has a physical meaning, given a periodic
function of the “phase” does not determine the phase.

The third approach suffers from the fact that the quasiprobability
functions cannot describe strictly quantum mechanical systems. One does not
know what connection they have with the physical distributions. In fact, it is
misleading to use them for such systems as superfluids where zero-point
quantum fluctuations play the most important role.

Though we have used coherent states to introduce the “action—angle”
variables, our approach differs from the earlier ones in the combined use of
the following facts: (1) The function p({ax*, ak}) is the relevant distribution
for a many-boson system. (2) Number conservation should be explicitly used
in the formulation.

Equations (26) and (30) are exact and are directly applicable to many-
boson systems. The physical meaning of the “phase” is clearly brought in by
these equations, giving that the time derivative of the ‘““mean” value of the
phased x equals the negative of the local chemical potential p g = (2H/6Ng)
for a number-conserving boson system, We have used them in the discussion
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of tunneling effects in superconductors and for deriving exact hydrodynamic
equations for many-boson systems. We shall not discuss them here, and the
relevant references®+1% should be consulted.
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